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On Bifurcating Time-Periodic Flow of a 
Navier-Stokes Liquid past a Cylinder 

Giovanni P. Galdi * 


Abstract 

We provide general sufficient conditions for branching out of a time- 
periodic family of solutions from steady-state solutions to the two- 
dimensional Navier-Stokes equations in the exterior of a cylinder. To 
this end, we first show that the problem can be formulated as a cou¬ 
pled elliptic-parabolic nonlinear system in appropriate function spaces. 
This is obtained by separating the time-independent averaged compo¬ 
nent of the velocity field from its “purely periodic” one. We then 
prove that time-periodic bifurcation occurs, provided the linearized 
time-independent operator of the parabolic problem possess a simple 
eigenvalue that crosses the imaginary axis when the Reynolds number 
passes through a (suitably defined) critical value. We also show that 
only supercritical or subcritical bifurcation may occur. Our approach 
is different and, we believe, more direct than those used by previous 
authors in similar, but distinct, context. 


1 Introduction 

One of the most classical phenomena in fluid dynamics is the spontaneous 
oscillation of the wake in the flow of a viscous liquid past a circular cylinder. 
More precisely, suppose that a cylinder, of diameter d is placed with 
its axis a orthogonal to the flow of a viscous liquid having an upstream 
constant velocity Voo- Let A := \voo\/{i^d) be the relevant Reynolds number 
of the flow, with i' kinematic viscosity of the liquid. It is then experimentally 
observed that there is a critical value, Aq ~ 50, such that if A < Aq the motion 
of the liquid in a region sufficiently far from the ends of that includes ‘W, 
is planar, steady and stable, whereas as soon as A > Aq, the motion is still 
planar, but its regime becomes oscillatory, as evidenced by the time-periodic 
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motion of the wake behind iszi Chapter 3] . It is worth emphasizing that 
the unsteadiness of the flow arises spontaneously even though the imposed 
condition -uniform flow at far distances- is time-independent. 

This is a beautiful and clear example of what, in mathematical terms, is 
defined as time-periodic bifurcation. The main objective of this paper is to 
provide a rigorous analysis of this interesting phenomenon. 

In this respect, we begin to recall that, from the mathematical viewpoint, 
this means to investigate the following set of (dimensionless) equations 

dtV + \{V - ei) -S/V = /\V - VP 1 

> in H X R 

divy = 0 J (1.1) 

V = ei at do. x R, 

with the further condition 


lim V{x,t)=0, tER. (1-2) 

|x|^oo 


Here V and P are velocity and pressure fields of the liquid, H is the relevant 
two-dimensional unbounded region of flow (the entire portion of the plane 
outside the normal cross-section of ^), and ei is a unit vector parallel to 
Voo- It is known that, under suitable assumptions on Aq, the above equations 
possess a unique steady-state solution branch (ti(A),p(A)), with A in a neigh¬ 
borhood t/(Ao) [TT] . Writing V = v{x, t; A)-|-ri(x; A), P = p(x, t; A)-|-p(x; A), 
equations ()l.ip - ()1.2p become 


cIri’+A[(u — ei) • Vv -|- ■u(A) • Vv v ■ Vit(A)] = Av — Vp 

div V = 0 


in H X 


u = 0 at dfi X R , 

(1.3) 

with 

lim u(x,t) = 0 , tER. (1.4) 

|a:|—>-oo 


Our bifurcation problem consists then in finding sufficient conditions for the 
existence of a non-trivial family of time-periodic solutions to (fOP-ifLTll. 
(u(A),p(A)), A E C(Ao), of period T = T(A) (unknown as well), such that 
(v(t; A),Vp(t; A)) —)• ( 0 , 0 ) as A —)• Aq. 

In order to better understand the heart of the problem and the moti¬ 
vation behind our approach, we begin to observe that, formally, dll-dll 
can be thought of as a special case of evolution equations of the type 


du 

dt 


N{X,u), t E R 


(1.5) 


2 


where N : (A,tt) G U{Xo) x X Y {X,Y Banach spaces) is a smooth 
nonlinear operator with A^(A, 0) = 0, for all A G U{Xo). The objective 
is then to hnd a family of time-periodic solutions u = u{t; A) of period 
T = T{X), X G U{Xo), such that u{X) —)• 0 as A —>■ Aq. Let jSf = JSf(A) be 
the linearization of N{X,-) around u = 0. Following the original ideas of 
E. Hopf |19j . one has in mind to employ the Implicit Function Theorem, so 
that the bifurcation problem boils down to find conditions on Aq, and T{Xo) 
ensuring that the operator 

is continuously invertible in a suitable class of time-periodic functions. The 
latter implies that, in particular, the operator .if(Ao) must enjoy this prop¬ 
erty as well. 

The first comprehensive investigation of time-periodic bifurcation may be 


( 1 ) 


traced back to the influential work of E. Hopf m in the case X = Y = 

There, Hopf shows the occurrence of bifurcation under a set of conditions 
that can be roughly summarized as follows: (Cl) 0 is not an eigenvalue of 
Lq := Jif(Ao), which ensures, in particular, that Lq is continuously invertible; 
(C2) Lq possesses two and only two purely imaginary eigenvalues iiwo ( 7 ^ 0) 
that are also simple, and (C3) As A passes through Aq, the eigenvalues of 
.if (A) “cross” the imaginary axis with nonzero speed. 

The approach introduced by Hopf, lends itself to a natural extension to 
the infinite-dimensional case, at least when the underlying function space 
has a Hilbert structure, and Lq is the generator of an analytic semigroup, 
with compact resolvent. 

Along these lines of thought, ludovich [22], Joseph & Sattinger [23|, and 
looss | 20 ] pioneered the investigation of the occurrence of self-oscillation in 
a viscous flow in a bounded domain. More precisely, they furnished sufficient 
conditions, basically of the same type as those listed above, for the existence 
(and uniqueness) of bifurcating time-periodic solutions from steady-state 
solutions to the Navier-Stokes equations. 


( 2 ) 


It is important to emphasize that the assumption that the flow occurs in 
a bounded domain is fundamental. In fact, it ensures, among other things, 
that Lq has a purely discrete spectrum which, in turn, implies that if 0 is 
not an eigenvalue then Lq has a bounded inverse. 


However, see also the previous contributions of Poincare [35] and Andronov & Witt 

[I]- 

^^^For further development of the theory, its generalization and major applications to 
the Navier-Stokes equations, we refer to, e.g., 13 EH 0 nans] and the reference therein. 
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In the case of an exterior domain (flow past an obstacle), Lq assumes 
the following form 


Lq{v) := P [Au + Ao(ei • Vu — u(Ao) • Vu — v ■ Vri(Ao))], 


( 1 . 6 ) 


where P is the Helmholtz projection!^ However, when defined in its “nat¬ 
ural space”, namely, the subspace, 1 < g < oo, of solenoidal functions 
from the Sobolev space with zero trace at the boundary, the operator 
Lq in (II. 6 p shows a non-empty essential spectrum, and worse, 0 is a point 
of this spectrum for all Aq HIE]. As a result, the property of continuous 
invertibility of Lq is no longer secured. 

Nonetheless, if we define Lq on an appropriate homogeneous Sobolev 
space, B, then we can show that Lq is Fredholm of index 0 (see [151 The¬ 
orem 3.1], [111 Theorem 1.8]), so that, in this framework, bounded invert¬ 
ibility is again guaranteed by requiring that 0 is not an eigenvalue. These 
observations suggest that for flow past an obstacle, the study of (ll.3p ~ ()1.4l) 
and the associated time-periodic bifurcation problem should be performed 
in the Banach space, B, where Lq enjoys the Fredholm property. This is, 
in fact, the approach employed by Babenko [5|, successively revisited and 
extended in a non-trivial way by Sazonov [36], also along the ideas of the 
seminal paper [ 22 ] jW] We wish to emphasize that the methods used by these 


authors work in dimension n = 3, whereas they do not admit any sensible 
generalization to the case n = 2 ; see, e.g., m p.39]. 

It is worth remarking that the space B above is a subclass of the space 
where steady-state solutions to (in])-([L2l) exist. In this respect, we recall 
that it is a standard procedure, for flow in exterior domains, to formulate 
time-periodic problems in function spaces where steady-state solutions exist; 
see, e.g., [SU [32l [SH] ESI Ell [Ml El] and the reference therein. However, as 
first pointed out in [13 ES] even though “natural” at first sight {‘‘^steady 
state solution is a special case of a time-periodic one"), this formulation 
is not convenient, and, in fact, as detailed in [M]) is unable to cover the 
two-dimensional problem of flow past a cylinder, which is the focus of this 
paper. In view of these considerations, in mm we introduced a different 
method that, essentially, consists in reformulating the original problem as a 
coupled nonlinear system constituted by an elliptic equation, formulated in 
the “natural” space of steady-state solutions, and a parabolic equation that 
can be framed in a much “better” space; see also the analysis of Kyed in 


notation, see the next section. 

’■^iSee also Melcher et al. [33] for a whole-space, vorticity formulation. 
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The approach we propose to study time-periodic bifurcation stems from 
the one introduced in [T3] and, in our opinion, is simpler and more direct 
than those of [3136], with the further advantage that it allows us to cover the 
two-dimensional case. Basically, it consists of two main steps. We first split 
the sought solution, u, as sum of its time average over a period, and 
of its “purely periodic” component, with zero average. Accordingly, 
the original problem (II.5p then splits into a coupled (nonlinear) “elliptic- 
parabolic” system in the unknowns and of the form 

, (1.7) 

where Ni, i = 1,2, are suitable (smooth) nonlinear operators. Now, the 
crucial point that makes our method different than those of [3 |36], is that, 
in spite of the fact that the operator Lq is formally the same (see (11.61) 1 
we frame the two equations in dlZD in two different function spaces, by 
choosing domains D and ranges R of Lq appropriately. Specifically, in (ll.7h i 
we take Lq = ^q with D coinciding with the “natural” Banach space B of 
steady-state solutions and R C L‘>, for suitable q > I, whereas in (11.7^0 . we 
pick Lq = ^Q, with D := Z^’^, and R C L^. Once the steady-state part 
of the solution has been “isolated” in the sense specified above, we can then 
show that the bifurcation problems reduces, essentially, to the study of the 
property of the parabolic operator du/dt — ^q{u) in (ll.5p o in the standard 
L^ context, exactly as in the case of a bounded region of flow |22l I23j . For 
this reason, it presents no further conceptual difficulties. 

Although our approach could be applied to a vast class of evolutionary 
equations, we shall employ it here to study time-periodic bifurcation from a 
steady-state Navier-Stokes flow past a cylinder. More specifically, under the 
assumptions (IhT1)-(IH3D formulated later on in the paper -which resemble 
conditions (C1)-(C3) of the original paper of Hopf- we show, by means of the 
implicit function theorem, the existence of a one-parameter family of time- 
periodic solutions, branching out the steady-state solution sq at A = Aq; see 
Theorem 14.If al. A characteristic feature of these solutions is that they exist 
either for A < Aq or for A > Aq, so that the bifurcation is either subcritical or 
supercritical; see Theorem SHc). Moreover, we prove that (up to a phase 
shift) any other time-periodic solution branching out of (Ao,So) must belong 
to the above family, under a further assumption on the branching frequency 
that is validated by numerical tests; see Theorem 14.If b) and Theorem 15.11 

In more detail, the plan of the paper is the following. After introducing 
some basic notation in Section 2, in the following Section 3 our main objec¬ 
tive is to analyze the relevant properties of the linearized operators ^q and 
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^ 0 - To this end, we recall in Proposition 13.11 that when defined in the 
classical homogeneous and anisotropic Sobolev space of steady-state solu¬ 
tions to (lElD-dllD, is Fredholm of index 0. This circumstance is supportive 
of our first assumption (IHljl . namely, that the null space of j5fo is trivial, 
so that jSfo is boundedly invertible. Successively, we analyze the proper¬ 
ties of the operator .ifg in a subspace of the Sobolev space W^’^, and its 
“parabolic” counterpart, ^(u) := du/dt — JfQ(u}, in the space q max¬ 
imal L^-regularity of 27r-periodic functions with zero average over a period. 
In this respect, in Proposition 13.31 we prove that may have an at most 
countable number of purely imaginary eigenvalues that can only cluster at 
0; moreover, each of these eigenvalues is isolated and of finite algebraic mul¬ 
tiplicity. This provides the basis, on the one hand, of our assumption (IH2[) 
that requires, in particular, that has a simple, purely imaginary eigen¬ 
value. On the other hand, by resorting to a classical result on perturbations 
of simple eigenvalues (see Proposition 13.5p , it also supports assumption ()H3I) 
regarding the way in which the eigenvalues of -2’(A) “cross” the imaginary 
axis when A passes Aq. We then study the properties of the operator 
and show that it is Fredholm of index 0 (Lemma 13.5p . The latter, combined 
with assumption (|H2p allows us to give necessary and sufficient conditions 
for the bounded invertibility of With these results in hand, in Section 
4, Theorem liTl under the assumptions (lHT])^(lH3l) we prove the result of 
existence of a one-parameter family of time-periodic solutions to (ll.3p - (|1.4l) 
mentioned earlier on, with the property of being either subcritical or super¬ 
critical. Finally, the uniqueness property of these solutions is discussed, in 
full generality, in Section 5; see Theorem 15.11 

2 Notation 

We let N, Z, and M, C represent, in the order, the sets of positive and relative 
integers, and the fields of real and complex numbers. Thus, indicates 
the whole plane. The canonical base in is denoted by IB := {ei,e 2 }. A 
vector u will have two components in IB, denoted by ui and U 2 , respectively. 
Likewise, coordinates of a point x E in the frame { 0 , 61 , 62 }, O E 
will be indicated by xi,X 2 - 

n stands for a fixed planar exterior domain, namely, the complement of 
the closure of a bounded, open, and simply connected set, Oq, of M^. We 
shall assume 0 of class C^. Moreover, we take the origin O of the coordinate 
system in floj and denote by iZ* > 0 a number such that the closure of Hq 
is strictly contained in the disk {x E : (xf -|- X2)2 < i?*}. 
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For i? > i?*, we let 

Qr = n n e + ^2)2 < i?}, = n — Qr , 


where the bar denotes closure. 

We set dtu := du/dt, diu := du/dxi, and indicate by D^u the matrix 
of the second derivatives of u. 

For an open and connected set A C 1 < <? < 00 , 

W'^'^{A), W^'‘^{A), m > 0 , [W^’^ = Wq’'^ = L^), stand for the usual 


(5) 


Lebesgue and Sobolev classes, respectively, of real or complex functions 
Norms in L‘>{A) and W^’‘’{A) are indicated by ||.||g,A and ||.||m,g,A- The 
scalar product of functions tt,u € L'^{A) will be denoted by {u,v)a- In the 
above notation, the symbol A will be omitted, unless confusion arises. 

As customary, for q E [1, 00 ] we let q' = q/(q—l) be its Holder conjugate. 

By 1 < (7 < 00 , we denote the space of (equivalence classes of) 

functions u such that ||Vtt||g < 00 . Moreover, setting. 


V{n) := {u E C^{n) : divtx = 0} 

1 2 

we let Vq (H) be the completion of V{Q) in the norm ||V(-)|| 2 , and set 

:= n Po’^(h) . 


Furthermore, we denote by Hg{Q), 1 < q < 00 , = H{Q)) the 

completion of 'D{Q) in the norm L'?(H) and let Pg be the (Helmholtz) pro¬ 
jection from L'^(H) onto Pg is independent of q [121 § 111 . 1 ], so that 

we shall simply denote it by P. 

For q E (1,3/2), we define 

X2>9(0) := |ii E L/„,(E2): U 2 E (Q) ,Vu2,diu, D‘^u e L'J{n), 

u E L 3 - 2 'i (H) , Vu E (II)| • 


and 

Ag’'^(H) := |ii E A^’'?(H) : divw = 0, u\gQ = o| . 

As is known, A^’'^(H) and Xq’'^(H) become Banach spaces when endowed 
with the “natural” norm 


1^11x2.9 := Il^i2||_29_ + ||Vn 2 ||g -I- ||'Wi||_ 32_ -I- ||Vit||_39_ -|- ||<9iw||g -I- IjH^'ullg ; 


2-q 


3-2q 


3-9 


shall use the same font style to denote scalar, vector and tensor function spaces. 
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see [T 2 I §XII.5]. 

If M is a map between two spaces, we denote by N [M] and R [M] its 
null space and range, respectively. 

In the following, i? is a real Banach space with associated norm || • ||b. 
By Be := B + iB we denote the complexification of B. 

For g G [1, 00 ], B^(0, 27r; B) is the space of functions u : (0, 27r) —>• B such 
that 

1 

\ <i 

^(^)lls ) < 00 , if gG [ 1 , 00 ); esssup||u(t)||B < 00 , if = 00 . 

/ te[0,27r] 

Also, by (7(0,27r;B) we indicate the set of functions u : [0,27r] —>■ B which 
are continuous from [0, 27r] with values in B. 

Given a function u : {x,t) £ Q x [0, 27r] —)• R^, we let u = u{x) be its 
average over [0, 27r], namely, 

u{x, t)dt. 

Furthermore, we shall say that u is 2tt- periodic, if u{x, 0) = u{x, 27r), for a.a. 
X £ Q.. Clearly, such functions can be extended periodically to all t G M. 
We then define 

:= 27r; B(f2)) nL2(0, 27r; : 

u is 27r-periodic with It = o| 

with associated norm 

\ 1/2 

\\dtu{t)\\ldt] + 

Likewise, setting 

0.277 '■= O X [0, 27r] 

we define 

^27r,o(^) := 1'*^ £ L‘^i027T)) ■ u is 27r-periodic with H = o| , 
and its subspace 

7^7r,o(^) := £ L^(0, 27r; B(n)) : u is 27r-periodic with H = o| . 



/ r27r \ 1/2 

\\uit)\\l2dtj 
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Moreover, for u,v G o(^) 

r27v 

:= / {u{t),v{t)) dt. 

Jo 

Finally, by c, cq, ci, etc., we denote positive constants, whose partic¬ 
ular value is unessential to the context. When we wish to emphasize the 
dependence of c on some parameter we shall write c(^). 


3 Analysis of the Relevant Linearized Operators 

Objective of this section is to introduce some relevant linear operators and 
study their main properties in different function spaces. 

To this end, for Aq > 0 and a given (sufficiently smooth) vector held 
uq = uq{x), we consider the following operator, which can be viewed as a 
“perturbation” to the classical Oseen operator: 

!-;■ P [At; -|- Ao(5it; — uq ■ Vv -|- v ■ Vtto)] • (3.1) 

The next result is shown in m Theorem 1.8]. 

Proposition 3.1 Let tto £ A^’'^(ll), q G (1,6/5). Then 

^:vG e^P[Av + Xo{div -uq-Vv + v- Vuq)] € Hg{n) (3.2) 

is Fredholm of index 0. 


With the help of this proposition one can show the following one, whose 
proof can be found in m Theorem 2.3). 

Proposition 3.2 Assume that (uo,po) G x 1 < q < 6/5, 

is a solution to the steady-state problem 


Au + A diu = Xu ■ Xu -\- Xp 
div tt = 0 


in n 


ti = ei at dfl , lim u(x) = 0 , 
IxKoo 


with A = Aq. Then, if 

N[^o] = {0}, 


(3.3) 


(3.4) 
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problem (|3.3p has a solution that is (real) analytic at X = Xq. Precisely, 
there is a neighborhood U{Xo) of Aq and a family of solutions to (13.31) . 
{u{X),p{X)) G X X G U{Xq), such that the series 


oo oo 

u{X) = uo + ^(A - Xo)’^Uk , p{X) =po + ^(A - Ao)Vfc 

k=l k=l 


are absolutely convergent in and respectively. 

We now consider the operator (|3.ip with domain of definition Z^’^(Q) C 
H{Q) and values in H{Q), and denote it by ..Sfo- Since is dense in 

.ifo is densely defined. We are interested to establish certain impor¬ 
tant properties of the spectrum cr(.ifo)- To do this, we extend .ifo to a linear 
operator (still denoted by on and H£{Q,): 

Jfo : Dc(^o) C Hein) ^ Hein), Dc(^o) := Z^\n ). (3.5) 


We shall then show, in particular, that the intersection of cri^^Q), with {iM — 
{0}} can only be constituted by a finite or countable number of eigenvalues 
with finite multiplicity (see Proposition 13.3p . 

The proof of this property requires a number of preparatory results. 

Lemma 3.1 Let w G M — {0}. Then, for a given f G L'^in) there is a 
unique corresponding iu,p) G x iA^’^(n) such that 


Au + Xq diU — ILO u = / + Vp 
div u = 0 
u = 0 at dn . 


in n , 


(3.6) 


Moreover, there are constants c and cq depending only on fl, such that (u, p) 
satisfies the following inequality 

||D^rr ||2 + |w|^||Vri ||2 + |w|||w ||2 + ||Vp ||2 < c ||/||2 , |w| > max{Ao, 1} . (3.7) 


Proof. If we dot-multiply both sides of (I3.6p i by u* (* := complex conjuga¬ 
tion), integrate by parts over n and use (13.61) 9 q. we formally obtain 

-||Vu ||2 - iw||ii||| = {f,u*) - Xo{diu,u*). 


By separating real and imaginary parts, and applying Schwartz inequality 
we infer 


||Vri||| < ||ii||2||/||2 
w| ||w ||2 < Ao||Vri ||2 + ll/lb 
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Replacing (|3.8P i into ()3.8p 9 and using Cauchy-Schwartz inequality, we easily 
show that 

|w|||u||2< ll/lb+ Ao||w|||||/||| < + ll/lb + ^ ||w||2 

which implies 

|a;| ||w|b < (2 + ^^ ll/lb. (3.9) 

Replacing this time (I3.9p into (I3.8h i we also show 

|w|5||Vit|b< (2 + i^y ll/lb. (3.10) 

By means of the latter two estimates in conjunction with the classical 
Galerkin method, one can prove by standard arguments the existence of 
a (weak) solution to (j3.6p {u,p) G VR^’^(n) x for all R ^ S66, 

e.g. da §VII.2]. We now write (13.61) as the following Stokes problem 

Au = F + Vp 1 

> in , 

divu =0 J (3.11) 

u = 0 at do,. 

with F := Ao diu — \uiuFf. In view of (I3.9p ~ (l3.inp we get F € L^, so that, 
by well-known results |12l Theorem IV.5.1, Theorem V.5.3(ii)] we deduce 
that {u,p) G Z^’^(n) X Up^(12). The existence property is thus secured. As 
for uniqueness in the class Zp’ , it is readily established. In fact, it is enough 
to proceed as in the proof of (|3.9p - (|3.10p with / = 0. It remains to show 
the validity of (j3.7l) . To this end, we observe that, since, obviously 

||i^lb < (Ao ||Vii|b + |w| ||ii|b + ll/lb) > 

from m Remark IV.4.2, Lemma V.4.3] we deduce 

||Vp|b + \\D'^u \\2 < c(Ao ||Vu|b + |w| \\u \\2 + ll/lb + ||w|b,OHj > 

with some c = c(n). Inequality ()3.7p then follows, under the stated assump¬ 
tions on |u;|, from the latter and (|3.9p - (|3.10l) . The lemma is completely 
proved. 

□ 
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Lemma 3.2 The operator 


: V E I— )• Uq ■ Vv + V ■ Vito E L^{Q) 


is compact. 


Proof. We begin to observe that the embeddings 

Z2’2(Q) c W^^^iQR) ] 

> are compact, for all i? > i?* . (3.12) 
W1’2(0 r) cL’'(f2), rE(l,oo) J 

Now, let {iin} C Z2’2(0) with ||i?n|| 2,2 = 1; for all n E N, and let v E 

be its weak limit. Without loss of generality, we may assume iJ = 0, which 

gives (V) = 0. For any R > we show that 

||W0 • Vllnlb < ||wo||oo||VDn||2,Ofl + II^^O ||oo,0« II II 2,2 (3.13) 

Likewise, by Holder inequality, 

Il'Un • Vltolb < ||Vlto||^||lln||g',OH + Cl l|Vltn|| 2q j^fl||u„||2,2 ■ (3.14) 

2—q 2—g’ 

Since, by assumption, ito E V2’'J(n), 1 < q < 6/5, it follows that u E 
L)^’2'?/(2-g)on the one hand, and, on the other hand, Uq E L°°{Q) with 
uq{x) —)• 0 uniformly, as |x| —>■ oo; see m Lemma 1]. As a result by 
(j3.12p ~ (l3.14p . and taking R arbitrarily large, we may conclude 

lim ||Jf'(u „)||2 = 0. 

n—>-cxD 

which proves the claimed compactness property of Jtf, and completes the 
proof of the proposition. 

□ 


Lemma 3.3 Let uq E 1 < q < 6/5, and let cj E M 

the operator 

— i CO I , 


{0}. Then 


( 6 ) 


(3.15) 


with J^o defined in (j3.5p , is Fredholm of index 0. 


Proof. We begin to notice that, as immediately checked, .ifo is (graph) 
closed. In fact, this follows from [251 Theorem 1.11 in Chapter IV], since 
.Sfo = Jtfi + Jff, where : Z^’^(H) C Hc{Ll) i— Hc{Ll) is obviously closed 

(6) By I we mean the identity operator in He. 
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(Lemma 13.ip and, by Lemma 13.21 is ..Sfi-compact. These two combined 
properties also show that (j3.15l) is Fredholm of index 0 (e.g. |18l Theorem 
XVIL4.3]). The lemma is thus proved. 

□ 

We are now in a position to show the first main result of this section. 

Proposition 3.3 Let uq G 1 < q < 6/5, and be defined in 

(13.51) . Then a(^o) H {iM — {0}} consists, at most, of a finite or countable 
number of eigenvalues, each of which is isolated and of finite (algebraic) 
multiplicity, that can only accumulate at 0. 

Proof. Set '■= -^0 — ioj I. By Lemma we know that .if/, ; Hc{Q) i—)• 
Hc{Ll) is an (unbounded) Fredholm operator of index 0, for all a; G M — {0}. 
Thus, in view of well-known results (e.g. m Theorem XVIL2.1]), in order to 
prove the stated property it is enough to show that there is a; > 0 such that 
for all I a; I > uJ, N = {0}. Now, the equation = 0 is equivalent 

to the following problem 

Au + XqOiv — iujv = Ao {uq • Vu -|- u • Vrto) + Vp 1 

> in n, 

divtJ =0 J (3.16) 

u = 0 at dPl , 

with (u,p) G X^’^(n) X H^’^(n). Using Lemma [3T] and (13.7p in problem 
(j3.16p . with the help of Holder inequality we get, in particular, for all |a;| > 
max{Ag, 1}, 

||iA^u||2 -|-|w|2||Vu||2-I-|w|||i>||2 <cAo||uo-Vu-|-u-Viio||2 

< cAo (^||■Uo||oo||Vu||2 llVnoll^ll^’llq') • 

Using the Sobolev embedding lU^’^(U) C L'^'(fl) in the latter, we thus infer 
that 

II 2 11 I I ^ 11 II I I 11 11 11 11 II II 

\\D u||2 + |w|2||Vu||2-|-|a;|||D||2 <^-11117112-1-m 2 ||Vu||2 

where 


mi := Cl Ao ||Viio||^ , m2 = ci Ao(||iio||oo + llV^nll 2^ ), 

2—q 2 —q 

and Cl = ci(U), from which the desired property follows by choosing ZJ := 
max{mi, m^, Aq, 1}. 

□ 
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Denote by U{Xo) a neighborhood of Aq, and, for q G (1,6/5), let 

AgD(Ao)^u(A) gX2’9(D), (3.17) 

be a continuous map with w(Ao) = uq. Consider, alongside, the one- 
parameter family of operators defined by 

^(A) : r; G D (if(A)) C Fc(D) 

!-)■ P [At) -|- A {div — u{X) ■ Vv — V ■ Vu(A))] G , 

(3.18) 

with D(j^(A)) = D(jifo) = ■^c^(^)) and A G t7(Ao). Obviously, ^{Xq) = 
^ 0 - Assume, next, that 

/io := ia^o , some wq G M — {0} , 

is in the spectrum of .if(Ao). Then, by Proposition 13.31 fio must be an 
eigenvalue of finite multiplicity. We are interested in the behavior of the 
eigenvalues, fi = /i(A), of JS?(A) for A G C7(Ao). To this end, we recall 
that Ho is simple (of multiplicity 1, that is) if, denoting by vq the corre¬ 
sponding normalized eigenvector, t)o ^ — Ho^- Since J^o ~ 7 * 0 -^ is 

Fredholm of index 0, we have dim N [jSfo — ho I] = codim R [jSfo — = 1; 

and this implies, in particular, that, letting J^q* be the adjoint operator of 
.ifo) dimN[.ifQ* — ho I] = 1 and that there is i)q G — Ho I] such that 

(t)Q,i)o) / 0; see, e.g., [39l Section 8.4]. For convenience, we normalize t)Q in 
such a way that 

(i)o,t?o) = (3.19) 

The following result holds (see |40l Proposition 79.15 and Corollary 
79.16]). 

Proposition 3.4 Let ho he a simple eigenvalue of ^o, and let the map 
(I3.17P be of class , k>l. Then, there are neighborhoods Ui(Xo) C [/(Aq) 
of Ao, and V{ho) C C of ho, such that for each X G t7i(Ao) there is one and 
only one eigenvalue /i(A) G V{ho) of J^{X). Moreover, the map X i—)• ^(A) is 
of class and we have 

h'{Xo) = (^»0) ^1^0 - Uo ■ Vvq - Vo ■ Vuo - Aq (^i'(Ao) • Vr)o + ^>0 • Vn'(Ao))). 

(3.20) 


We now turn our focus to the study of some important properties of the 
time-dependent operator 

^ ■.= UJodr-^0- , uo>b. (3.21) 
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In particular, we are interested in determining necessary and sufficient con¬ 
ditions under which ^ possesses a bounded inverse. To this end, we begin 
to recall the following result, which is a particular case of that proved in m 
Proposition 3] 

Lemma 3.4 The operator 


~ P [^ + Aq 5i] : ^^7r,o(^) 


is a homeomorphism. 

With the help of this lemma, we can prove the following one. 

Lemma 3.5 Let uq G Then, the operator ^ defined in (I3.‘2ip is 

Fredholm of index 0. 

Proof. In view of Lemma 13.41 it is enough to show that the operator 


"to : V e o(^) '^0 ■ Vu -I- V ■ Vuo G 


is compact. Let {u^} C gPH) with \\vk \\.^2 ^ = 1, for all A; G N. We may 
then select a sequence (again denoted by {u*,}) and find u* G o(II) such 
that 


Ufc —>■ i;* weakly in 


(3.22) 


Without loss of generality, we may take u* = 0. From (13.2211 and Lions- 
Aubin lemma we then have 



(3.23) 


which implies, by embedding, 



(3.24) 


By the Holder inequality, 




0 Jo 


uo-Vvk{T)\\l < llwoliL / l|V^fc(T)|||t^^ + ||uo|lL,n« 


which, by (I3.23P and the arbitrariness of R implies 



(3.25) 
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Likewise, again by Holder inequality, 


I'2 'k 

I ' 


f-27r 


\\vk{r)-Vuo\\l<\\Vu,\\\ 

2-5 JO 




+ 11 ViXi 


o| 


/'27T 

2 - 9 ’“ Jo 


Recalling that C L°°(0, 27r; L®(H)), for all s G [2,oo) (e.g. [HI 

Lemma 2(a)], from the latter inequality and ()3.24l) we deduce 


I'27T 

lim / ||ufc(T) • Vuolli = 0. 

k^°oJo 


(3.26) 


Combining (I3.25P and (I3.26P we thus conclude 

l\^\\^{Vk)\\L^Q2^) = 0 : 
which completes the proof of the lemma. 


□ 


Lemma 3.6 Let J^o be as in ProDosition l3.3l Assume /tq := i^o G is 

a simple eigenvalue, while := i/c wq 0 whenever /c G N — {0,1} 


(7) 


Let Vo he the (unique) normalized eigenvector corresponding to po , and set 
vi = 3?[uo e'^j, V2 = 9[uo e'"^]. (3.27) 


Then 


dim N [^] = 2 


and {vi,V 2 } is a basis in N 


Proof. It is clear that S := span{ui,U 2 } C N [.Sj. Conversely, take w G 
We may expand w in Fourier series 


^ 1 

w= + ; Wi{x) := — / w{x,t)e~^^'^dt', tuo(a;) = 0. (3.28) 

2 tx Jo 

e=-oo 

Evidently, wi G = Dc (.^o) ■ From ^{w) = 0 we then deduce 

iiojowt-.^oiwe) = 0 , wn eDc{.^o), -^gZ, 

Notice that, by Proposition 13.31 there could be only a finite number of such pk- 
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which, recalling that from Proposition 13.31 the /ifc’s can only be eigenvalues, 
by assumption and (|3.28l] q implies W£ = 0 for all i € Z —{±1}. Thus w G S, 
and the lemma is completely proved. 

□ 

We are now in a position to show the second main result of this section. 


Proposition 3.5 Let the assumptions of Lemma 13.61 be satisfied, and set 

= 3?[nSe-'n, = (3.29) 

where is the (uniquely determined) element of N — /tq I] satisfying 
(j3.19p K^)| Then, for a given f G J^27t,o{^), necessary and sufficient condition 
for the problem 

B{v) := wo drV - ^q{v) = f , V e #" 2 i,o(^) > 

to have a solution is that 


{vl\f) = {v*\f) = 0. (3.30) 

This solution is also unique, provided (u^^lu) = (u^ju) = 0 and, in such a 
case, there is c = c{fl) such that 

11^11^2% ^ C 11/11^2., 0 ■ 


Proof. Since, by Lemma 13.51 is Fredholm of index 0, and, by Lemma 13.61 
dim N [J2] = 2, it follows (e.g. [321 Proposition 8.14(4)]) that dim N [.S*] = 2 
where 

:= -wo dr - J^o* 

is the adjoint of In view of the stated properties of Uq , we infer that 
span{u*,U 2 } = N [.S*], and the proposition follows from another classical 
result on Fredholm operators (e.g., m Proposition 8.14(2)]). 

□ 

Recall that dim N [.SCf — fj.o I] = 1. 
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4 Bifurcating Time-Periodic Solutions. 

We begin to put the original problem (ll.3ll - ()1.4l) in a different and equivalent 
form that will allow us to employ the results established in the previous 
section. 

To this end, let Aq (> 0) be a value of the Reynolds number for which 
the steady-state problem (|3.4p has a solution (ito,po) £ x 

1 < q < 6/5. We suppose that Aq is such that (uo,Po) is a point of an 
analytic solution branch {u{\),p{\)) to (|3.4p . for all A in a neighborhood 
U{\q) of Aq. By Proposition 13.21 such a Aq exists if we assume that 

N [j^o] = {0}) with ^0 defined in (13.21) , (HI) 


or, equivalently, 

Au + Ao( i9iu —uo ■ Vu — u ■ Vuq) = V(/ 1 

> in H 

div u = 0 J u = 0. 

= 0 at dQ , (it, (j)) E X iA^’'?(H), 1 < g < |, 

(HR) 

Our first objective is to prove the existence of a family of time-periodic 
solutions of period T := 27r/uj (to be determined) to (II. 3p . bifurcating from 
the point (Aq; (ito,Po))- To this end, following Lindtstedt [2S] and Poincare 
[35] . we introduce the scaled time t := uit, so that dn becomes 


uj 9t-u-I-A[(d — ei) • Vu -|- ii(A) • Vv -|- v ■ Vii(A)] = Av — Vp 

div i; = 0 


in H 


2tt 


D = 0 at d^l 2 TT ) 

(4.1) 

We next split v and p as the sum of their time average, (i^,p), over 
the time interval [0,2/7r], and their “purely periodic” component {w := 
V — v,(p :=p — p). In this way, problem ([4.10 can be equivalently rewritten 
as the following coupled nonlinear elliptic-parabolic problem 


Av + Xo{div — Uo ■ Vv — Uo ■ Vv) = Vp -|- ]Vi(A,v, w) 

divV = 0 
iJ = 0 at dfl, 


in H 


(4.2) 
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and 


ujQ drW — Aw — Ao {diw— uq ■ Vw — w ■ Vuq) 

= V(p + N2{X,uj,v,w) V in ri27r 

div w = 0 

w = 0 at 8 ^ 2 - 11 , 

where wq > 0, and 

Ni := (Ao - A) [div - u{X) Vv-v- Vit(A)] 

+Ao [{u{X) - uo) ■ Vv + V-V(u(X) - uo)] 

+A 


(4.3) 


(4.4) 


V ■ Vv + w ■ Vw 


and 


JV 2 := (loq — w) 8rW + (A — Ao) [diw — u{X) ■ Vw — w ■ Vu(A)] 


—Ao 

+A 


(it(A) — Wo) • Vw + w ■ V(w(A) — Wo) 


(4.5) 


w • Vw + V ■ Vw + w ■ Vw — w • Vw; 


Some functional properties of the quantities Ni, i = 1 , 2 , are proved 
next. 

Lemma 4.1 Let 1 < q < 6/5. The following bilinear maps are continuous 
Ml : (vi,V2) G [X2-9(fl)]2 ^ vi ■ Vv2 G L^fl) , 

/*27r 

M 2 : (wi,W 2 } G [^2^ o(^)]^ '^ / "^1 • ^'^2 G L^(Q}, r = q,2, 

Jo 

Ms : (v,w) G X ^vVwG i?2l,o(^) > 

M^ : {v,w) G X ^w-VvG i?2l,o(^) > 

Ms ■■ {wi,W2) G [^2l,o(^)]^ ^ • '^^2 € J^2i,o(^) • 


Proof. The continuity of A4i is shown in m Lemma XIL5.4]. In order to 
show the remaining properties, we recall the following continuous embed¬ 
dings (see m Lemmas 1 and 2]) 


X^’<J{n) C L°°{n); X^’i{n) C 

CL-(0, 27r; L^m , all s G [2, 00 ); #' 2 i,o(^^) ^ ^^(0, 27r; IT1’4(0)) 

(4.6) 
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Therefore, by (14.61) and Holder inequality we deduce 


\\M2{Wi,W2)\\q < / \\wi\\^\\VW2\\2<Cl\\wi\\^2 \\W2\\^2 

Jo 2-g 27r,0 271 




\\M5{wi,W2)\\2 < 



\\'^w2\\iy< C5 \\wi\y2^jw2\y2^^^ 

(4.7) 


□ 


With the help of this lemma, and recalling the definition of and £2 
given in (j8.4j) and (13.28^ . respectively, we may infer that problems (j4.2j) - (l4.5h 
can be equivalently rewritten in the following operator form 


^o{v) = Ni{\,v,w) 

^{w) = N' 2 {\,uj,v,w) in J^ 2 it,o{^) 


(4.8) 


where A/) = PATj, i = 1, 2. 

The desired bifurcation result will be obtained by showing that, under 
appropriate assumptions on (Ao,a;o), there exists a non-trivial family of so¬ 
lutions {v,w) G Xg’'^(H) X #^^ q(H) to (14.81) for (A,a;) in a neighborhood of 
(Ao, Wo). 

Remark 4.1 The asymptotic side condition (11.40 is embodied in the func¬ 
tion spaces where v and w are sought. In fact, since v G Xq’'^(Q), from [Ml 
Lemma 1] we have 



lim |u(x)| = 0 uniformly. 


whereas w G >^^q(H) and [121 Theorem II.9.1] imply, for almost all t G 


[0,27r], 


lim |re(x,t)|=0 uniformly in x. 

|a:|—>-(30 


We next recall that, by Proposition 18.81 if iwo G (T(.ifo) then it must be 
an eigenvalue of finite multiplicity, and, moreover, there is at most, a finite 


20 





number of eigenvalues of the form i k ojq with A: G N. With this in mind, we 
make the more stringent hypothesis that ojq be such that 


uq := iwo is an eigenvalue of multiplicity 1 of > 

(H2) 

kHo ,k ^ N — {0,1} is not an eigenvalue of ^o i 

and look for solutions to (j4.8p satisfying the further requirement 

(m|t7t) = e, {w\v’^) = 0, (4.8) 

where v*, i = 1,2, is dehned in Proposition 13.51 and s G (—1,1). 

We are now in a position to prove our main result on the existence and 
uniqueness of bifurcating time-periodic solutions, along with their relevant 
properties. To this end, we observe that, under the assumptions (IHlh and 
(IH2p the eigenvalue /i(A) of the operator ^{X) dehned in (I3.2ip is a C°°- 
function of A in a suitable neighborhood of Aq, and (I3.20h holds. 

Theorem 4.1 Suppose that ()H1I) and (IH2p hold and that, in addition, 

5R[m'(Ao)]/O. (H3) 

Then, the following properties are valid. 

(a) Existence. There are (real) analytic families 

ivis),wie),u;ie),X(e)) G x x (4-12) 

satisfying (14.81) - (14. 81) for ail e in a neighborhood X(0) of 0, and such 
that 


(i)(e),m(e) — et>i,a;(e), A(e)) —^ (0,0,wo, Ao) as e ^ 0 (4.13) 

with vi given in (j3.27l) . Moreover, the corresponding velocity field V 
of the original problem (jl.3n has the following form near e = 0 

V{x,t; A(e)) = uo{x)+e [(cosr)ai-F(sinT)a 2 ]+e^ [V1 + V2] , (4.14) 

where ai G Z^’^(n), z = 1,2, and {Vi,V 2 ) G Xg’'^(n) x #^^ Q(n) 
satisfy 

II''4i||x2i + llV2ll';^2^ ^ < M , 
with M independent of s —>■ 0. 
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(b) Uniqueness. There is a neighborhood 

'^(0,0,a;o,Ao) C x x 

such that every (nontrivial) solution to (|4.8I) lying in ^ must belong, 
up to a phase shift, to the family (|4.1‘2I) . 

(c) Parity. The functions uj{e) and X(s) are even: 

oj{e) = w(—e), A(e) = A(—e), for all £ G X(0). 

Consequently, the bifurcation due to these solutions is either subcriti- 
cal or supercritical, a two-sided bifurcation being excludedi 


(9) 


Proof. We rescale our original unknowns in (I4.8p ^ (l4.8ll as follows: 

W = £\N, V = £V , (4.15) 

so that (I4.8h ~ (j4.8p can be equivalently written as 

-^o(v) - ^(e, A,v,w) = 0 in Hq{9) , 

^(w) - ^(e, A,u;,v,w) = 0 in , (4.16) 

(w|^l^) = l, (w|t;^) = 0, 


where 


^ := p |(Ao - A) [5iv - u{X) • Vv - V Vu(A)] 
+Ao [{u{X) - uq) • Vv + V • V{u{X) - uq)] 
+Ae [v • Vv + w • Vw]| , 


(4.17) 


and 

^2 ■=P |(wo — w) dtw + (A — Ao) [5iw — u(X) ■ Vw — w • Vu(A)] 

— Ao (u(A) — rio) • Vw + w • V('u(A) — ito) (4-18) 

+Ae[w-Vv + v- Vw + w- Vw — w-Vw]| 

Define the map: 

F : (£,X,uj,y,w) G X(0) x U{Xo) x U(cuo) x A:^’''(D) x 

(^.ifo(v) - ^(e, A,v,w), ^(w) - ^(e, A,u;,v,w), (w|r;J) - 1, (w|r)^ 

G Hq(n) X J^2n,o{'^) X . 


Unless A = Aq. 
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The nonlinear terms in (|4.17p ~ (|4.18p are of polynomial form, and, by (IHII) 
and Proposition 13.21 w(A) is analytic. Thus, also with the help of Lemma 
14.11 we may conclude that F is analytic. Furthermore, from (|4.16p ~ (l4.18p 
and m it follows that for e = 0, the equation F = 0 has the solution 
(A = Ao,w = cuqjV = 0,w = Ui). Therefore, by the (real) analytic version 
of the implicit function theorem (e.g. m Proposition 8.11]), to show the 
existence part in the theorem -including the validity of (I4.13p - it suffices 
to show that the Frechet derivative of F with respect to U := (A,a;,v,w) 
evaluated at (e = 0, A = Aq, w = ojq, v = 0, w = i;i) is a bijection. The latter 
will hold if we prove that for any (fi, f2, fa, f 4 ) G Hq{Q) x x M x M, 

the following set of equations has one and only one solution (A,t<;,v, w) E 
M X M X Xo’^(O) X 


^o(v)=fi in Hq{Q) 

^(w) = +{2 in ■: 

(w|rj*) = fa , (w|u 2 ) = f4 in M , 

where 

XF{\,uj,vi) := — ujdrVi -|- AP — uq • — vi ■ Vuq 

-Ao(u'(Ao) ■ Vvi + vi ■ Vu'(Ao))|. 


(4.19) 


(4.20) 


Since Jfg is Fredholm of index 0 (Proposition 13.lb . in view of (|Hip . for 
any given fi E Hq{Q), equation (I4.19b i has one and only one solution 
V E X^’'^(n). Therefore, it remains to prove the existence and unique¬ 
ness property only for the system of equations (|4.19b o_/i To this aim, we 
observe that, by Proposition 13.51 for a given ^2 £ -^ 7 r,o(f^), equation (|4.191) 9 
possesses a solution w 0 ( 14 ) if and only if its right-hand side satisfies 

(I3.30p . By a direct calculation, from (I3.27p . (I3.29p . and ()3.19p we show 

(5t-1’i|i7*) = 0 , {drVi\v2) = TT ■ (4.21) 

Furthermore, again by a straightforward calculation that uses also ()3.20l) 
and the fact that P is self-adjoint in and P u* = I’l, we infer 

(P {5iui - uq ■ Vui - vi ■ Vuo + Ao(u'(Ao) • Vui vi ■ Vu'{Ao))},vl) 

= 5R[//'(Ao)]. 

(4.22) 
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Employing (|4.2ip and (|4.22p . we thus recognize that the compatibility con¬ 
dition ()3.30p for the solvability of equation (j4.19l) 9 reduces to solving the 
following algebraic system for A and w: 

A5R[/r'(Ao)] = -(f 2 |t;t) 

-OJTT + X {^\vl) = -{f2\V2) , 

with ^ given in (j4.20l) . By virtue of (IH3I) . for any given f 2 in the specified 
class, we can always find (uniquely determined) A and ui satisfying the above 
system, and this, by Proposition 13.51 ensures the existence of a solution wi 
to (l4.19p o corresponding to the selected values of A and to. We now set 

\N := \Ni + avi + (3 V2 , a,/3GM. 

Clearly, by Lemma [3.6l w is also a solution to (14.191) 9. We then choose a and 
j3 in such a way that w satisfies both conditions (I4.19h 9 /i for any given fj € M, 
i = 1,2. This choice is made possible by the fact that, as is immediately 
checked, 

{vi\v*) = 6ij , i,j = 1,2. (4.24) 

The existence part is therefore accomplished. We now turn to uniqueness 
and set b = 0 in (j4.19p 9_/i . From (I4.23p and ()H3p it then follows A = w = 0 
which in turn implies, by (14.191) 9 and Lemma 13.61 w = 71 ni -|- ^ 2 ^ 2 , for 
some 7 j G M, i = 1,2. Replacing this information back in (I 4 .I 9 P 97 with 
fs = f 4 = 0, and using ()4.24D we conclude 71 = 72 = 0, which completes 
the uniqueness proof. We have thus shown that the above specified Frechet 
derivative of F is a bijection, which ensures existence to (I4.16I) ~ (I4.18I) . and 
therefore of a family of solutions, parametrized in e, to (I4.8I) ~ (I4.8I) in the 
sense specified in (a). To complete the proof of the statement in (a), it 
remains to show ()4.14p . To this end, we begin to notice that from ()3.27l) we 
have 

= (cos T)ai-|-(sin T)a 2 , ai, 02 G Z^’^(ll). (4.25) 

Next, let us give for granted, momentarily, the result in (c). By the analyt- 
icity property of \{s) we then infer that either A(e) = Aq or else there is an 
integer A: > 1 such that 

A(e') = Aq + + 0(e^^^^) A^ G M — {0} . (4.26) 

As a result, by Proposition 13.21 and (IHip we deduce, in particular, 

u{X) - uq = U, \\U\\x 2 ,,<M, (4.27) 
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with M independent of e —>• 0. Likewise, from the analyticity properties of 
w and V and ()4.13p we have 

w-t7i=eW, v = eV, ||V||^ 2,5 + ||W||L 2 <M. (4.28) 

27r,0 

Thus, since 


V = uq + evi+ e [(w(e) - ui) + v(e)] + u{\) - uq , 

(I4.14P is a consequence of this identity and ()4.25l) - (l4.28p . We shall next 
prove the uniqueness property in (b) by adapting to the present case the 
abstract argument of IMl Theorem 8 .B]. Let z = z + q, q := z — z he a 2 tt- 
periodic function where z G XQ’'^(n) and q € ^{0.) satisfy the first and 

the second equation in (|4.8I1 . respectively, with oj = uj and A = A. By the 
uniqueness property associated with the implicit function theorem, the proof 
of the claimed uniqueness amounts to show that we can find a sufficiently 
small p > 0 such that if 

II-2||x 2.9 + 11911:^22,^+ 1^^ — <^o| + |A — Ao| < p, 

then there exists a neighborhood of 0, T(0) C M, such that 

q = rivi+py,^=r]z, for all 77 € X( 0 ), 

\ui — WqI + |A — AqI + ||z||j(^ 2,5 + ||y||;;^2 —>■ 0 as 77 —>■ 0 . 

27 r ,0 

To this end, we notice that, by (14.241) . we may write 

q = Y + y 

where v = {y\vl) vi + {y\v 2 ) and 

(y|O = 0 , 7 = 1 , 2 . 

We next make the simple but important observation that if we modify q by 
a constant phase shift in time, 5, namely, q(r) —)• q{T + 5) it follows that 
the shifted function is still a 27r-periodic solution to (l4.8h o and, moreover, 
by an appropriate choice of 5, 


(4.29) 

(4.30) 

(4.31) 

(4.32) 


V = 77 U 1 , 


(4.33) 


with 77 = 77 ( 5 ) G R. (The proof of (j4.33p is straightforward, once we take 
into account (|3.27p .l Notice that from (14.291) . (|4.31I) ~ (I4.33I) it follows that 


\v\<cqp, co>0, 

y\\yf.2 <pi, pi-^0asp->0. 


(4.34) 
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From (|4.8p . (j4.31l) . and (I4.33p . we thus infer 


^o(z) = Afi(A,z,rfVi + y) 


(4.35) 


and 


^(y) = ^(rj(u; -a;o),r?(A - Ao),i>i) +J\f{y,\,oj,z,y) (4.36) 


In (I4.35P the quantities Mi and ^ are defined in (j4.8P i and (|4.20p . respec¬ 
tively, whereas 



-r/Ao[('u(A) - ito - (A - Ao)'u'(Ao)) • Vui 

+vi ■ V(w(A) - uo - (A - Ao)u'(Ao)] + y\[vi-Vy + y ■ Vui 


+vi ■ Vz -|- z • Vui +'qvi- Vui — {rjvi ■ Vui -|- vi ■ Vy + y • Vui)] 


+M2{\,oj,z,y) 


with M 2 given in (|4.8p . We now observe the following facts. 

(1) By ()Hip and Proposition 13.21 

||ii(A) — u(Ao)||x2.'j < M\\ — AqI 
||u(A) — uq — (A — Ao)'u'(Ao) 11x2:9 < M |A — AqP , 

where M is independent of | A — Ao| —5- 0. 

(2) Since J^o is Fredholm of index 0, again by ()Hlh . it is boundedly 
invertible. 

(3) By Lemma l4.ll and (1) we easily show that 
\\Mi(\,z,yvi+y)\\H^ 



(4.37) 


and 


\\M A/2(A, W, Z, y) IIp 
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Likewise, 


||A/'2(A,a;,2:,y)||jr2^_(, 

< C3 (^{\uj - wol + |A - Aol) \\y\\:^2n,o + 11^11x2.1 p 0) ' 

(439) 

(4) By Proposition 13.51 and (I4.22h we infer 

7 ?(A-Ao) 5 R[m'(Ao)] = -(AA|^^) 

(4.40) 

-T/(a; - Wo) vr + r/(A - Aq) = -(AA|r;^), 

where the quantity 

^ - Wo), r/(A - Aq), t?i), 

defined in (j4.2Up . satisfies 

||^(r?(w - wo),r?(A - Ao), f i)||.^2^^o ^ ^4 |r/|(|A - Ao| + |a 5 - wo|). 

(5) Proposition 13.51 (14.3211 . and (j4.36p imply that 

^ ^5 (||=^(??(w - wo), 7 ?(A - Ao),-ui)+A^(r?,A,w,2,y)||^2._(,) . 

With all the properties in (l)-(5) being established, we may now draw 
the following consequences. In the first place, by choosing p sufficiently 
small and employing ()4.34p . from (14.351) and p4.36p we deduce 

11^11x2.9 + \\y\\w^^ 0 < C6 + \v\ (IA - Aol + |w - woD) . (4.41) 

Moreover, using also pH3h and p4.40l) . we show 


\v\ ( 1 ^ - ^o| + |w- wol) < C 7 


1^1 (1^11x2.'? + \\y\\wi^J + y^ 


+(iw - Wol + |A - Aoi)iiy|i;^,y2^^^ + 11^11x2,9 + g • 

(442) 

Thus, combining (14.411) and p4.42l) . and taking p sufficiently small we obtain, 
again with the help of (I4.34h . 


1-211x2.9 + \\y\ 




which, once used back into (I4.42h . gives also 


(4.43) 


|A - Aol + |w - Wol < Cg \p\. 


(4.44) 
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Recalling (|4.3ip and ()4.33p . by virtue of (I4.43P and ()4.44ll we may establish 
the validity of (j4.30p . thus concluding the proof of the uniqueness property 
(b). It remains to show the statement in (c). To this end, we observe that if 
v{t) := U + m is a solution to (I4.8p in the function class specihed in part (a), 
so is v' := v{t+TT). Let w' := v'—v'. By the uniqueness property of part (b), 
we must have (with the obvious meaning of the symbols) = cu(e) and 

A^(e) = A(£), for ah e in a neighborhood of 0. However, if = evi, then 

= —£Vi. from which the stated parity condition follows. Finally, 
if A ^ 0, the expansion (j4.26p must hold, and this implies A(e) < Aq or 
A(e) > Aq, according to whether A^ (the hrst nonzero coefficient in the 
Taylor expansion for A) is negative or positive. The theorem is completely 
proved. 

□ 

Remark 4.2 As is well known, condition ()H3p means that when the Reynolds 
number A passes through the “critical” value Aq the eigenvalues of ^{X) 
must cross the imaginary axis at Ticuo with non-zero speed. 

5 Further Properties of Bifurcating Solutions 

The results of Theorem O ensure the existence and uniqueness of bifur¬ 
cating time-periodic solutions in a neighborhood, J^, of (Aq; {uq,pq)), with 
period 27r/a; and w “sufficiently close” to the imaginary part, ujq of a (simple) 
purely imaginary eigenvalue of the relevant linearized operator These 
solutions are of particular physical interest in that they may branch out 
only sub- or super-critically. However, the theorem cannot exclude the exis¬ 
tence of other bifurcating time-periodic solutions in the same neighborhood 
J^, but with frequency not “close” to wq, and having, in principle, differ¬ 
ent branching properties. Objective of this section is to prove that, under 
suitable further assumptions, the solutions determined in Theorem 14.11 are, 
in fact, the only possible bifurcating time-periodic solutions in ^. Roughly 
speaking, these assumptions amount to say that as A passes Aq, there are 
two and only two (complex conjugate) eigenvalues of the operator cross¬ 
ing the imaginary axis, and that, in addition, for any nontrivial sequence 
{vn, Xn,uJn} of solutions to (14.11) with 

+ |An — Ao| —?• 0 

there exists d > 0 (which may depend on the sequence) such that 

> <5 , for all n € N. (H4) 
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From the physical viewpoint, this means that time-periodic bifurcating solu¬ 
tions branch out with a finite (nonzero) frequency. Numerical tests confirm 
that the above assumptions are indeed satisfied [T71 Section 6], [9]. 

In order to prove the uniqueness result previously described, we need 
to show several preparatory lemmas, along the ideas developed in [22]. For 
a; > 0, let 

/*27r 

:= / \\drw{T)\\l -h llPAm(r)ll^) dr. 

Jo 


Lemma 5.1 


Let w E o(^)- Then there is c 


/■ 27 r ^ 

/ \\w{T)\\jdT 

Jo OJ r 

max ||Vm(r)||i < - Ju., 

r€[U, 27 rJ Uj 


r27v 

Jo 


1 


\w{T)\\ldT < C—X • 


U 


= c(n) > 0 such that 
all r > 2 , 

(5.1) 


Proof. We begin to observe that since w{x) = 0 for a.a. x E fl, by the 
Wirtinger inequality we have 




\drW{x, T)fdT , 


which, in turn, after integration over and using Fubini’s theorem implies 



(5.2) 


Next, we notice that from the obvious identity 


Vmlll = —{PAw,w) 


and the Schwartz inequality it follows that 


rZTT / rZTT \ 2 / rz-tr 

||Vm(r)||i(ir < ||PAm(T)|||(irJ \\w{T)\\ldT 

which in conjunction with (|5.2p . by the Cauchy-Schwartz inequality delivers 


r-27r 


||Vm(r)||idr < 


(5.3) 
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Now, by classical interpolation, we have o(^) ^([0; 2"^]; W^’‘^{Q)) and, 

for all 0 < s < r < 27r, 

||Vin(r)||i - ||V^(s)||i = ^ {d^w{^),PAw{C))dC, (5.4) 

see m Chapter 3.1]. Applying first the Schwartz inequality on the right- 
hand side of this equation and then integrating over s € [0, 27r] we find for 
all T G [0, 27r] 

r-2n / i<2tt \ 2 / /'27r 

iiv«.(T)iii < \\vw{om+[^j^ wdMmid^) ^ iiPA^(oiiirf^ 

Inequality (I5.ip 9 is then a consequence of the latter and (|5.3p . Furthermore, 
we recall the well-known embedding inequality (see, e.g., |12l Lemma II.3.1]) 

||m||r < ci||m|| 2 ~^||Vm ||2 , A :=-, r>2. (5.5) 

Squaring both sides of the latter, integrating over [0, 27r] and using Holder 
inequality, we get 



r27V 

Jo 


|m(r)||^dr < C2 


r- 27 r 


\w{T)\\ldT 


l-A 


r*27r N, ^ 

||Vm(r)||^dr 


'0 


which, by virtue of (|5.2p and (|5.3|) implies (|5.ip i . Finally, choosing r = 4 in 
(15.51) raising both sides to the power 4 and integrating over [0,27r] we show 

/•27r r27v 

/ \\w{T)\\ldT < C3 niax ||m(T)||2 / \\w{T)\\ldT 

Jo TG[ 0 , 27 r] Jo 


which with the help of ()5.ip i o furnishes ()5.ip 9. 


□ 


Lemma 5.2 Let uj > 0, and let v be a 27r-periodic solution to (14.11) with 
V G Xq'^(Q) and w := v — v ^ o(^)- Suppose that 

\\v\\x^i + -P' 

for some p > 0. Then 

UJ < \/2A -h A2 , 

where A := X‘^{Ci + C 2 {p + p^)), with Ci = C'i(H, ||it||jj^ 2 , 9 ) > 0 and C 2 = 
C2(L!) > 0. 
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Proof. From (|4.ip we deduce that w satisfies the following equation 

ojdrW — PAm = AP[9im — u{\) ■ Vw — w ■ Vri(A)] 

+AP[m • Vv + V ■ Vw + w ■ Vw — w ■ Vm] (5.6) 
:= iSi + 92) ■ 

Squaring both sides of (15.61) . integrating over [0, 27r], and observing that, by 
the 27r-periodicity and (|5.4I1 


n27T 

/ {drW, Aw)dT = 0 , 

Jo 


we infer 


f27r 


= A' 


lOii-r) + 92i^)\\2dT. 


(5.7) 


Arguing as in ()4.7p . for any g € (1,6/5) we show that 

p27T p27r 

/ \\9i{T)\\ldT < Cl (||Vm(T)||| + ||m(r)||2,) dr, 

Jo Jo 


where, ci = ci(n, ll'ullxz,?). The latter inequality, in conjunction with (j5.1h 
furnishes 

"1 1 . .. 

TTv + T ) ’ 


^ \\9i{T)\\ldT < C2 


iO r 


UJ 


(5.8) 


where, here and in the rest of the proof, q, i = 2,..., denotes a positive 
constant depending at most on fl. Likewise, we show 

J \\w ■Vv{t)+ v ■Vw{T)\\ldT <c^p^ + ^ ( 5 . 9 ) 


Moreover 

f27r 


f 


f 


2ir \ 2 

w{T)\\idT 


'0 


\w ■ Vm(r)|| 2 dr < 
so that by (|4.6I1 . (15.ip -? and by assumption we conclude 

/■27r 

/ \\W ■Vw{T)\\ldT <C4p—^oj- 

Jo LJ 2 


2tt \ 2 

\\Vw{T)\\ldT 


(5.10) 
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Finally, we observe that 

r- 27 r 


I 


\w ■ VwWidr < 27r 


2“' ^ 

0 ^0 


p27T 

/ ||i(; • Viu( 

Jo 


T)\\ldT, 


SO that by (|5.1UI) it follows 

r2TT 


1 


/ \\w ■Vw\\ 2 dT <C 5 P—^UJ- 

Jo 0J2 

Collecting (j5.8p - (l5.1ip and observing that, by Young’s inequality. 


(5.11) 


2+q' 

Ld 'i' 


1 1 1 , , / 1 1 11 1 / 1 1 1 
~ ~ qi-2 — ( “ + ”T ) ’ 3" — “T ~~r^. — 2 ( “ + ”T ) ’ 


' uj} ' w \fiJj ^ a; 


we find 


p27V 

Jo 


+ fl'2(''‘)ll2 ^ (C*! + C7{p + /3^)) 


1 1 
~ J - 

/O \LO^ LO 

Combining this latter inequality with (I5.7p . we get 


1 1 1 

— J — - T ’ 
iO A 


(5.12) 


where A is the quantity defined in the statement of the lemma. The proof 
is then accomplished by employing in (j5.12p the elementary inequality 


1 1 A^ 

□ 


Lemma 5.3 Let w* > 0 and let 

■. W & q(Q) I-^ (jJ^drW — ^o{w) € ^7r,o(^) ■ (5.13) 

Then, is boundedly invertible if and only if := i/cw* 0 o'(Jfo) for all 
k G N-{0}. 

Proof. From Proposition 13.31 we know that the p*k’s can only be eigenvalues 
of Since, by assumption, N[jifo ± p^^kl] = {0}, for all k, with the 

help of Lemma 13.31 we deduce that the operator 

{■^0 ± h*k I)~^ 

fact, the same proposition guarantees that there is at most a finite number of such 
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is a homeomorphism of onto Therefore, by using classical 

Fourier series techniques, we show that is also boundedly invertible with 

£ 2 ^ ^ / G =^7r,o(^) I— t lu € >^^ 0(0), 


where 


^(0 := e 

£= — 00 ,£ 7^0 


it' 




f27r 




□ 

We are now in a position to prove the main result of this section. 

Theorem 5.1 Suppose that ()Hip . (IH3I1 . and ()H4p hold, and that the inter¬ 
section of the spectrum of the operator with the imaginary axis consists 
of two and only two (complex conjugate) simple eigenvalues iicjo- Then, 
there exists p > 0 such that every non-trivial 2x-periodic solution v to (14.11) 
for some oj > 0, for which 


g + 1^ ~ -^ol < (5-14) 

must belong (up to a phase shift) to the one-parameter family of solutions 
constructed in Theorem SH 

Proof. In view of the uniqueness result of Theorem I4.1l fbl. if the claim is 
not true, there should exist a (non-trivial) sequence of solutions to (|4.ip . 
{vn, Xn,uJn}, and a number o > 0 such that 


+ ||'*A»n||;C,2 -|- |An — Ao| ^ 0 , 

27r,0 


(5.15) 


and 


a.^01 — a. 


By virtue of Lemma [521 the sequence {oJn} is bounded, so that, by (IH4p . 
there exists w* > 0, such that 


LOn — W*| —^ 0 , CJ* 7^ UJQ. 


(5.16) 


From (14.ip we thus obtain that v and w solve the following coupled equations 

= J\fi{Xo-f cr,v,w) in Hq(fl), 

^^(w) = A42(Ao + cr,a;* + f,v,w) in J^^gPO), 
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where a := X — Aq, ^ := oj — uj^, Mi and are defined in (j4.8P i and (|5.14p . 
respectively, whereas AC ,2 is given in (|4.8I) 9 with cjq = w*. Consider the map 

M : {a,C,v,w) G X(0) x 17(0) x x 

!->■ (^Mo{v) - Mi{Xo + cr,v,w), <S*(w) -M^ 2 {Xo +cr,UJ^ 

G Hg{n) X Jg^2n,o{n) . 

Clearly, the equation Ml{0,0,v,w) = 0 has the solution Uq := {v = 0,w = 
0). The Frechet derivative, DAi, of Ai with respect to {v,w) evaluated at 
(cr = 0,^ = 0, Uo) is given by 

DAi : (v,w) G X ^ (^(v),^*(w)) G Hgn) x ^ 2 .,o(f^), 

which, by (IHip and Lemma 15.31 is a bijection. Therefore, by the implicit 
function theorem, there are no nontrivial solutions satisfying (|5.15l) and 
(I5.16p . thus showing a contradiction. 

□ 
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